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The wave operator theory of quantum dynamics is reviewed and applied to the study of line
profiles and to the determination of the dynamics of interacting resonances. Energy-
dependent and energy-independent effective Hamiltonians are investigated. The q-reversal
effect in spectroscopy is interpreted in terms of interfering Fano profiles. The dynamics of
an hydrogen atom subjected to a strong static electric field is revisited.
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In this tribute paper we aim to review some recent developments in the
theory of quantum resonances which are ubiquitous in many domains of
chemistry and spectroscopy. Since resonances are localized in molecules,
they can be investigated by quantum chemistry methods analogous to the
methods developed for bound states. Whenever physics requires simulta-
neous determination of several almost degenerate states, the Bloch theory
based on wave operators and effective Hamiltonians is the most appropri-
ate1,2. Wave operators generalize the concept of wave function by treating
several states on an equal footing. Effective Hamiltonians provide a finite
number of exact energies for stationary (bound) states. For resonances
(quasi-bound states), effective Hamiltonians contain spectroscopical (line
profiles) and dynamic information (e.g., an exponential decay for an iso-
lated resonance).

In the following, first the basic concepts of wave operator and effective
Hamiltonian are reviewed. Then an exactly solvable model, which describes
several interacting resonances decaying into several continua, is presented.
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It is shown that a simple two-dimensional effective Hamiltonian gives ac-
cess to the most basic profiles in spectroscopy. Finally, the dynamics of ion-
ization of an hydrogen atom subjected to a strong static electric field is
investigated.

THEORY

The wave operator approach of quantum dynamics3 focuses on relevant
quasi-bound states. These quasi-bound states, localized in atoms and mole-
cules, may be described by atomic and molecular orbitals in the same way
as if they were true bound states. An important characteristic of our ap-
proach is that it fully exploits the rigidity properties of analytical functions
and especially of analytical continuation, which play a key role in the the-
ory of resonances4. Partitioning techniques and perturbative approaches
play a fundamental role in the theory that generalizes schemes which were
previously developed for bound states5.

We assume that n quasi-bound states, which may be resonances, are rele-
vant for investigating line profiles and the dynamics of the resonances
within an energy range of interest. The quasi-bound states |i〉 (i = 1, 2, ..., n)
span an n-dimensional space, the so called model (or inner) space, whose pro-
jector is

P i i i j i nij
i

n

0
1

1 2= 〉 〈 〈 〉 = =
=
∑ | | , | , , , ... , .δ (1)

The projector onto the complementary (or outer) space is Q0 (P0 + Q0 = 1). For
any initial state belonging to the model space, the full dynamical informa-
tion is contained in the resolvent projected, on the right, in the model
space:
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Equation (2) defines the wave operator Ω(z) and the effective Hamiltonian
Heff(z). H is the Hamiltonian of the system and z means the energy exten-
ded in the complex plane. Formal exact expressions of the wave operator
and of the effective Hamiltonian are
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z H
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0 0and eff . (3)
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Hereafter, resolvents such as 1/(z – H) or Q0/(z – H) are unambiguously de-
fined for Im z > 0 and are assumed to be analytically continued in the sec-
ond Riemann sheet for Im z < 0. The effective Hamiltonian is also currently
expressed as

H z P HP R z R z P H
Q

z H
HPeff ( ) ( ) , ( )= + =

−0 0 0
0

0 . (4)

R(z) defines an energy-shift operator6. Multiplying both sides of Eq. (2), on
the left, by P0 and using the intermediate normalization [P0 = P0Ω(z)] results
in

P
z H

P
P

z H z
0 0

01
−

=
− eff ( )

. (5)

The energy-dependent effective Hamiltonian Heff(z), which appears in Eqs
(2), (3) and (5) plays a central role in the theory. The aim of the theory is to
provide effective Hamiltonians which depend as little as possible on the en-
ergy. This can be achieved by extending the model space. In addition,
model Hamiltonians describing several resonances decaying into several de-
cay channels provide exact effective Hamiltonians which may describe real-
istic situations. The lineshapes (or line profiles) are characterized by the
intensity

I E G E G E
P

E H E
( ) Im ( ) , ( ) |

( )
| .= − = 〈

−
〉1 0

π
φ φ

eff
(6)

E is the energy on the real axis. It is assumed in Eq. (6) that the system was
prepared at the initial time t = 0 in the state |φ〉 belonging to the model
space. The lineshape is normalized to unity:

I E E( ) .d =
−∞

∞

∫ 1 (7)

The knowledge of the effective Hamiltonian provides the dynamics in the
model space, which can be recovered by the inverse Laplace transforma-
tion. The projection in the model space of the time-dependent wave func-
tion is given by
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The integration path C in the complex plane runs on the real-energy axis
from +∞ to –∞ and is closed in the lower part (Im z < 0). The probability of
remaining in the initial state (survival probability) at time t is

P t t( ) | | ( ) |= 〈 〉φ φ 2 . (9)

More generally, the probability of passing from |φ〉 at initial time t = 0 to
any final state |φf〉 belonging to the model space at time t is given by

P t tf ( ) | | ( ) |= 〈 〉φ φf
2 . (10)

Equations (6), (8), (9), and (10) show that the spectroscopical and dynamical
observables can be derived from the knowledge of the energy-dependent
effective Hamiltonian. If the model space is large enough, the effective
Hamiltonian may depend weakly on the energy. It is especially interesting
to consider exactly solvable models, which yield exact energy-independent
effective Hamiltonians and “exact dynamics” in the sense that will be pre-
cised later. Moreover, these models give a clear description and an under-
standing of line profiles in spectroscopy. Hereafter, we will denote by Heff

an effective Hamiltonian which does not depend on the energy. Its spectral
resolution

H Ei
i

n

i i i i i
eff i

2
= = −

=
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1

| )( | ,φ φ Γ (11)

allows to express the observables in terms of simple expressions. For exam-
ple, Eqs (6) and (9) become
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The fi’s are generalized oscillator strengths. They are dimensionless com-
plex numbers which characterize the transitions between the initial state |φ〉
and the states |φi). In Eqs (11) and (12), the notation |φi) refer to the sym-
metric scalar product7. For more details, see ref.8

RESULTS AND DISCUSSION

An Exactly Solvable Model

We consider a model system implying several resonances or quasi-bound
states decaying into several decay channels. The model generalizes the orig-
inal Fano model9 and other models which discretize the continuum6,10,11.
These discrete model Hamiltonians are closely related to continuous models,
which were initially introduced in nuclear physics12,13. All these models are
efficient for investigating line profiles and irreversible evolutions. However,
there are many advantages to start from quasi-continua instead of con-
tinua. The mathematics is simpler because one remains inside the Hilbert
space of square-integrable functions. In addition, it is possible to determine
exact expressions of the effective Hamiltonians. Finally, the properties of
the continua can be recovered when the energy spacings of the quasi-
continua tend to zero6.

The model describes n quasi-bound states interacting with m quasi-
continua. The quasi-bound states |i〉 (i = 1, 2, ..., n) span the model space.
The orthonormalized states |ka〉 (a = 1, 2, ..., m) define the complementary
(outer) space whose projector is

Q ka ka ka k b kk ab
k a

0 = 〉 〈 〈 ′ 〉 = ′∑ | | , | ;
,

δ δ

k k a b m, , , , ... , , , ... , .′ = ± ± =0 1 2 1 2and

Henceforth, the indexes a, b, ... will characterize the quasi-continua (decay
channels). The matrix representation of the model Hamiltonian H in the
basis of the states |i〉 (inner space) and of the states |ka〉 (outer space) is
given in Fig. 1. Inside the model space, the off diagonal matrix elements are
denoted Hij = 〈i|H|j〉 and the diagonal terms Ei

0 = 〈i|H|i〉 . The matrix repre-
sentation of the Hamiltonian is diagonal in the outer space. The energy of
the state |ka〉 is kδa. The energies of the quasi-continua extend from –∞ to +∞
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(k = 0, ±1, ±2, ...), δa is the energy spacing between the neighboring levels in
channel a. Note that the couplings between the inner space and the
quasi-continua vi

a = 〈ka|H|i〉 (i = 1, 2, ..., n; a = 1, 2, ..., m) do not depend on
the index k which would label the energy in a continuous model. Since the
matrix representation of the model Hamiltonian is diagonal in the outer
space, the effective Hamiltonian (3) can be easily calculated. The use of the
summation formula

( )
tan

, { , , , ...}z k
zk

− = = ± ±−

∈
∑ 1 0 1 2

π
πZ

Z

leads to the exact equation

H z H zeff i
2

( ) $ $( ) .= − Γ (14)

$H P HP= 0 0 is the projection of H into the model space. No couplings be-
tween the quasi-continua are considered in this model and hence the
dissipative part of Heff(z) can be expressed as a sum over the channels:
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FIG. 1
Matrix representation of the model Hamiltonian in the basis of the quasi-bound states (n-di-
mensional model space) and of the states of m decay channels labeled a, b, ... (outer space).
Note that the matrix is diagonal in the outer space and that the couplings between the model
space and the outer space are constant within each decay channel
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$ ( )Γa z characterizes the dissipation in channel a. The vector |Va 〉 collects the
couplings between the inner space and the outer space indexed by a:

| | , .V V i V va i
a

i
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i

n
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i
a〉 = 〉 =

=
∑

1

1

δ
(16)

If all the energy spacings have the same value δ, Eq. (15) becomes simpler
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z

V Va
a

m

a a a= × 





= = 〉 〈
=

∑i
π
δ
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Equations (14) and (15) are exact but, as expected, energy-dependent. Let
us now derive from the energy-dependent effective Hamiltonian an energy-
independent effective Hamiltonian which can be considered as exact as
specified below.

The periodic expression in Eq. (15) can be expanded in Fourier series in
the complex plane (Im z > 0):

i i
2

cot exp .
π
δ

π
δ

z kz

k







= + 



=

∞

∑1 2
1

(18)

Using Eq. (18) and retaining only the first term on the right-hand side
transforms Eq. (14) into

H Heff i
2

= −$ $ ,Γ (19)

where

$ | | .Γ = 〉 〈
=

∑2
1

π V Va a
a

m

(20)

The effective Hamiltonian (19) is energy-independent. It provides the exact
dynamics for times shorter than τ π= 2 h/δ (ref.3) (all the energy spacings of
the continua are assumed to have the same value δ). Since τ can be arbitrarily
increased by decreasing δ, we can consider that the effective Hamiltonian
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(19) is exact. The dissipative Hamiltonian (Eq. (19)) can also be derived
from a continuous model12,13. The direct relationship between the matrix
elements of the model Hamiltonian and the dissipative operators (Eq. (20))
expands the list of the advantages starting from a discrete model Hamil-
tonian. The amplitudes of the dissipative operators are of paramount im-
portance for discussing the interference phenomena arising from the
couplings between the resonances and the decay channels. When there is
only one decay channel, the dissipative operator (Eq. (20)) can be written
in the form

$ | |Γ = 〉 〈2π V V , (21)

where the index labeling the channel has been suppressed. Γ = 2π〈 〉V V| is
the only non-zero eigenvalue of $Γ (ref.14). The rank = 1 property is not an
artifact of the model and remains true when the discrete-continuum cou-
pling becomes energy dependent (see, e.g., ref.13, p. 372).

Effective Hamiltonian

For the sake of clarity, we will use boldface letters for the matrix representa-
tions of the operators acting in the model space. The matrix representation
of the effective Hamiltonian (Eq. (19)) reads

Heff = H − i
2

� . (22)

The components of H and � in the basis {|i〉} are

H i H j V V i j nij ij i
a

j
a

a

m

= 〈 〉 = =
=

∑| | , , , , , ... , .Γ 2 1 2
1

π (23)

We also denote

E H i ni ii
0 1 2= =, , , ... , , (24)

the zero-order energies of the quasi-bound states |i〉 . Equation (23) makes
clear that changes in the signs of the matrix elements coupling the model
space and the outer space may produce significant changes of the line-
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shapes and of the dynamics (see Fig. 7 discussed in Subsection Trapping
Effect). In Eq. (23) the constraints associated with a unique decay channel
appear clearly through the product structure of the matrix elements of �.
If the matrix elements of � are small with respect to those of H, reversible
evolutions prevail. On the contrary, if the matrix elements of � dominate
those of H, irreversible evolutions may occur associated with the formation
of fast and slow decay modes. The formation of fast and slow decay modes
in open systems is quite generic14.

The aim of the next paragraphs is to show that the exactly solvable
model Hamiltonian describes the most fundamental characteristics of
lineshapes and simultaneously exact dynamics. Already the smallest model
space (n = 2) provides many generic results. We will investigate processes
decaying mainly into one decay channel (m = 1), which exhibit the most
extended interference effects15,16.

The matrix representation of the effective Hamiltonian in the basis of
two quasi-bound states (n = 2) decaying into one continuum (m = 1) is writ-
ten in the form

Heff =
E v

v E
1
0

2
0

11 11 22

11 22 22









 −













i
2

Γ Γ Γ
Γ Γ Γ

, (25)

where E1
0 and E2

0 are the zero-order energies of the two quasi-bound states.
The coupling term v is real. We assume that the couplings between the
quasi-bound states and the quasi-continuum are real and have the same
sign. The eigenvalues of � are 0 and Γ11 + Γ22 and the components of the
corresponding eigenvectors are [√Γ22, –√Γ11] and [√Γ11, √Γ22], respectively.
This system was previously studied by many authors17–19. Nevertheless, its
reexamination is justified. Many papers focused on the trajectories of the
energies in the complex plane whereas our work is oriented toward line-
shapes, survival and transition probabilities.

Two Interacting Resonances

The first example (Fig. 2) is freely inspired by a recent study of two interfer-
ing vibrational resonances in the van der Waals molecule I2···Ne decaying
into several vibrational channels20. The parameters of the effective Hamil-
tonian (25) are given in the caption of Fig. 2. The molecule is assumed to be
prepared in the state

|φ〉 = cos θ |1〉 + sin θ |2〉 . (26)
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FIG. 2.
Two interacting resonances. The effective Hamiltonian is given by Eq. (25). E1

0 = –1.25, E2
0 =

1.25, v = 0, Γ11 = 1, and Γ22 = 0.5. The lineshapes I(E) (Eq. (6)) (on the real energy axis) and the
survival probabilities P(t) (Eq. (9)) are represented for four initial states |φ〉 = cos θ |1〉 + sin θ |2〉 .
a θ = 0, b θ = π/4, c θ = –π/4, and d θ = π/2 (arbitrary units)
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|1〉 and |2〉 describe two resonances which are directly coupled to the con-
tinuum. We have represented in Fig. 2 the line profiles I(E) (Eq. (6)) (on the
left) and the survival probabilities P(t) (Eq. (9)) (on the right) for the values
θ = 0, π/4, –π/4, and π/2. Instead of plotting I(E) on the real energy axis, as
it is usual, we have represented the surfaces corresponding to I(z) in the
complex plane for Im z > 0. This representation highlights the role of anal-
yticity which is essential in our approach. Note that the surfaces I(z) are
smooth for Im z >> 0. This means that the useful information concerning
the resonances is to be found in the complex plane for Im (z) > 0 as it is im-
plicit in Eq. (17). In cases a and d in Fig. 2 (θ = 0 and θ = π/2), pure reso-
nances were prepared at the initial time. The Breit–Wigner profiles a1 and
d1 give birth to the exponential decays a2 and d2. In cases b and c (θ =
±π/4) the two resonances add and subtract their amplitudes and produce
damped oscillations near the critical regime.

The effective Hamiltonian (25) with the parameters E E1
0

2
0 0= = , v = 0.5,

Γ11 = 0, and Γ22 = Γ models a resonance indirectly coupled to one contin-
uum. Figure 3 illustrates various dynamic regimes, |φ〉 = |1〉 being the initial
state. The coupling term v is kept constant while Γ increases from 0.2 in
case a to 6 in case c. The extreme situations are in cases a and c. In case a
there are two narrow resonances a1 and damped Rabi oscillations a2. The
occupation probabilities plotted in a2 clearly indicate that, in this case, the
resonance and the quasi-bound state directly coupled to the decay channel
participate in the dynamics. In case c we get the Breit–Wigner profile c1
and the exponential decay c2. Case b corresponds to the critical regime
(Γ = 4v). Note the transitory occupation in b2 of the second quasi-bound
state directly coupled to the continuum (dotted lines).

Fano Profiles

Fano profiles are ubiquitous in many areas of atomic and molecular spec-
troscopy. Universality of these profiles suggests that they should be de-
scribed within a unique comprehensive theory. Fano profile results from
the interference of a discrete state (resonance) and a continuum. The asym-
metry of the profiles comes from the dependence on energy of the coupling
between the discrete state and the continuum21. We have recently shown
that Fano profiles can be described in terms of interference between two
quasi-bound states8. The first is the discrete state and the second models
the relevant part of the continuum (doorway state, see ref.12, p. 179). Here
we present an illustrative example. The discrete state and the continuum
are modeled by the two states |1〉 and |2〉 which span the model space. The
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FIG. 3
From weak to strong coupling (Rabi oscillations). The effective Hamiltonian is given by
Eq. (25). E1

0 = E2
0 = 0, v = 0.5, Γ11 = 0, and Γ22 = Γ. The lineshapes (on the left) and the dynam-

ics (on the right) are presented for three values of Γ. a Γ = 0.2, b Γ = 2 and c Γ = 6. In all the
cases the system is prepared in the initial state |1〉 . In a2, b2 and c2, the full lines correspond to
the survival probability of the initial state |1〉 and the dotted lines to the occupation probabil-
ity of the quasi-bound state |2〉 (arbitrary units)
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system is described by the effective Hamiltonian (Eq. (25)). Figure 4 shows
the lineshapes (on the left) and the survival probabilities (on the right) ob-
tained by varying the initial state. The excitation of the continuum, repre-
sented by |2〉 , increases from a to c (see the caption of Fig. 4). a1 and b1
display typical Breit–Wigner and Fano profiles while destructive interfer-
ence still remains in case c when only the continuum is excited. A more de-
tailed description of our approach to Fano profiles is given in ref.8, and
generalized expressions of Fano profiles can be found in ref.22

q-Reversal Effect

The aim of this paragraph is to provide a simple model for describing and
understanding the fundamentals of the q-reversal effect23. We consider
three interfering quasi-bound states (n = 3) decaying into a unique continu-
um (m = 1). In the basis of the three quasi-bound states the matrix repre-
sentation of the effective Hamiltonian is written in the form

Heff =

E

H E

H H E

1
0

21 2
0

31 32 3
0

11

22 11 22

. .

.

. .

.

















− i
2

Γ
Γ Γ Γ
Γ33 11 33 22 33Γ Γ Γ Γ

















. (27)

For the sake of simplicity the upper part of the real symmetric matrices in
Eq. (27) has not been represented. E1

0 (i = 1, 2, 3) are the zero-order energies
of the quasi-bound states |i〉 of partial widths Γii = 2 2πVi (see Eq. (23)). Vi is a
component of the coupling vector |Va〉 (Eq. (16)). The index a was sup-
pressed because there is only one decay channel. The Vi’s are assumed to be
real and positive.

The resonances |1〉 and |2〉 and the quasi-bound state |3〉 describing the
relevant part of the continuum span a three-dimensional model space
(n = 3). The parameters of the effective Hamiltonian are given in the cap-
tion of Fig. 5. In order to excite selectively the resonances obtained by
diagonalization of the effective Hamiltonian, the initial state was chosen
successively in the form

|φ+ +〉 = N Re[c( |φ1〉 + |φ2〉) + |φ3〉]

|φ+ –〉 = N Re[c( |φ1〉 – |φ2〉) + |φ3〉]

|φ– +〉 = N Re[c( – |φ1〉 + |φ2〉) + |φ3〉]

|φ– –〉 = N Re[c( – |φ1〉 – |φ2〉) + |φ3〉] (28)
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FIG. 4
Fano profiles. The effective Hamiltonian (n = 2) is given by Eq. (25). E1

0 = 0.0, E2
0 = 0.6, v = 0.1,

Γ11 = 0, and Γ22 = 2. The lineshapes (on the left) and the dynamics (on the right) are presented
for the system prepared in the initial states a |φ〉 = |1〉 , b |φ〉 = 0.24(|1〉 + 4|2〉) and c |φ〉 = |2〉 (arbi-
trary units)
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where |φ1〉 , |φ2〉 and |φ3〉 are the eigenstates of Heff and N is a normalization
factor. In all the cases c = 0.1. Figure 5 indicates clearly that the q-reversal
effect described in ref.23 can be understood in terms of constructive and de-
structive interferences between the resonances and the continuum. This
straightforward interpretation of the q-reversal effect in terms of resonances
interfering with a short-lived state generalizes our description of Fano pro-
files resulting from interferences between a resonance and a quasi-bound
state of larger width8. Our approach based on the superposition principle of
states is simpler and more comprehensive than the methods based on the
analysis of the phase shifts of asymptotic states.
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FIG. 5
q-Reversal effect (lineshapes). The hermitian part of the effective Hamiltonian (Eq. (27)) is di-
agonal: E1

0 = –1, E2
0 = 1 and E3

0 = 0. The resonances |1〉 and |2〉 are weakly coupled to the contin-
uum (Γ11 = 0.5 and Γ22 = 0.8) whereas the short-lived quasi-bound state |3〉 is strongly coupled
to the continuum (Γ33 = 10). The lineshapes I(E) (Eq. (6)) represented in a, b, c, and d corre-
spond, respectively, to the initial states φ+ +, φ+ –, φ– +, and φ– – (Eq. (28)) (arbitrary units)
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FIG. 6
q-Reversal effect (lineshapes and survival probabilities). The parameters of the effective
Hamiltonian (Eq. (27)) are the same as in Fig. 5. The lineshapes I(E) (Eq. (6)) and the survival
probabilities P(t) (Eq. (9)) are represented for the initial state |φ〉 = N Re[0.1(|φ1〉 + |φ2〉) + λ|φ3〉]. a
λ = 0.1, b λ = 0.2, c λ = 0.3, and d λ = 1. The survival probabilities P(t) show a continuous evo-
lution from reversible oscillations in a2 to an irreversible decay in d2 by increasing the excita-
tion of the continuum (arbitrary units)
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Figure 6 shows the evolution of the lineshape and of the associated sur-
vival probability by increasing the initial excitation of the “continuum”
|φ3〉 . The system is prepared in the state |φ〉 = N Re[0.1(|φ1〉 + |φ2〉) + λ|φ3〉]. The
values of the parameter λ are 0.1, 0.2, 0.3, and 1, respectively, in a, b, c, and
d. Although the lineshapes are similar in all cases, the dynamical regimes
look quite different. By increasing the excitation of the continuum (from a
to d) one passes from quasi-reversible Rabi-like oscillations in a2 to dynami-
cal regimes which become more and more irreversible.

Trapping Effect

The signs of the couplings between the resonances may be crucial when
there are several continua implied in the decay process (m > 1). The effec-
tive Hamiltonian

Heff =
0

0

v

v








 − 







 −

±
±











i
4

i
4

Γ Γ
Γ Γ

Γ Γ
Γ Γ

chanel a chanel b (29)

describes two interacting resonances (n = 2) decaying into two channels la-
beled a and b (m = 2). For producing nice interference figures, the absolute
values of the couplings between the resonances and the continua were cho-
sen identical: |Vi

a | = |Vi
b | = V a

1 (i = 1, 2) (see Eq. (23) for the Γij’s). Changing
the sign of one coupling may result in dramatic changes in the lineshapes
and in the dynamics. We have investigated two combinations of signs la-
beled ++ (V b

1 = V a
1 , V b

2 = V a
2 ) and +– (V b

1 = V a
1 , V b

2 = –V a
2 ) which correspond

to the dissipative matrices

Γ
Γ Γ
Γ Γ

Γ
Γ 0
0 Γ+ + + −= 







 = 







and , (30)

respectively. It is assumed that in both cases the initial state is |φ〉 = |1〉 . The
results are presented in Fig. 7. In the ++ case, the two continua behave as if
there were only one continuum. The eigenvalues of Γ++ are 0 and 2Γ which
results in a slow and a fast decay mode. As expected, the lineshape a1 ex-
hibits a narrow peak. The survival probability of the state |1〉 (full line) and
the probability of occupation of the state |2〉 (dotted line), displayed in a2,
tend quickly toward a constant after some oscillations. Obviously, for a
time much larger than the lifetime of the slow decay mode, these occupa-

Collect. Czech. Chem. Commun. (Vol. 68) (2003)

Quantum Resonances 545



tion numbers would tend to zero. In the +– case, Eq. (30) indicates that
the system can be described in terms of two non-interacting Breit–Wigner
resonances. This is clearly seen on the lineshape b1 while the occupation
numbers represented in b2 characterize strongly damped oscillations. This
means that the value v = 4 of the direct coupling between the two reso-
nances is close to the critical regime. Larger values of v would uncouple the
two resonances and produce weakly damped Rabi oscillations.
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FIG. 7
Fast and slow decay modes (trapping effect). The parameters of the effective Hamiltonian (Eq.
(29)) are v = 4 and Γ = 2. Two examples of lineshapes and of their associated dynamics are pre-
sented for the system prepared in the initial state |φ〉 = |1〉 . Plots a1 and a2 arise from the effec-
tive Hamiltonian with the dissipative matrix Γ++ (Eq. (30)). Plots b1 and b2 correspond to the
dissipative matrix Γ+ – (Eq. (30)). The survival probability of the initial state |1〉 is represented
by full lines and the occupation probability of |2〉 by dotted lines in a2 and b2 (arbitrary units)
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Vibronic Dissociation

Two potential energy surfaces S1 and S2 generate a double well as shown in
Fig. 8. We assume that only the vibrational states of S2 are coupled with the
continuum of states of the dissociative surface S3. We will show that this
quantum system may behave as two weakly coupled oscillators. For the
sake of simplicity we consider only two states |1〉 and |2〉 in S1 and two
states |3〉 and |4〉 in S2. The parameters of the effective Hamiltonian (22) are
given in the caption of Fig. 8. At the initial time the system is in the state
|I〉 = 1/√2(|1〉 + |2〉). The associated lineshape I(E) provides the information
concerning the periods of the two normal modes. The survival probability
(the kinetic energy remains in S1) and the transition probability towards
the state |II〉 = 1/√2(|3〉 + |4〉) (the kinetic energy is transferred in S2) shows
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FIG. 8
Vibronic dissociation. The vibrational states |1〉 , |2〉 (surface S1) and |3〉 , |4〉 (surface S2) generate
two weakly coupled oscillators which decay into the continuum associated with the dis-
sociative surface S3. The zero-order energies of the states are E1

0 = E3
0 = –3 and E2

0 = E4
0 = 3. The

non-zero off-diagonal terms are H31 = H32 = H41 = H42 = 0.2. The dissipative part of Heff is char-
acterized by Γ11 = Γ22 = 0 and Γ33 = Γ44 = 0.1. The survival probability of the initial state |I〉 =
1/√2(|1〉 + |2〉) and the probability of transition towards the state |II〉 = 1/√2(|3〉 + |4〉) are repre-
sented on the right of the figure (arbitrary units)
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the oscillating energy transfer between the two subsystems S1 and S2. These
oscillations are gradually damped, which corresponds to the dissipation of
energy towards the degrees of freedom of the continuum. We have pre-
sented a simplified qualitative description of the dynamics without report-
ing and discussing the complex energies of the effective Hamiltonian. A
large number of dynamical regimes could be obtained by varying the pa-
rameters of the model. Similar models could be useful for describing the dy-
namics of reversible and irreversible energy transfer in actual molecules.

Ionization of a Hydrogen Atom Subjected to a Constant Electric Field

We have shown in the previous that an exactly solvable model can provide
generic results concerning line profiles and dynamics. The physics was dis-
cussed in terms of model spaces and effective Hamiltonians. These concepts
are also of fundamental importance for investigating actual systems. Here we
consider the simplest one: a hydrogen atom in its ground state subjected to
a static electric field. As soon as the atom is subjected to the field, the bound
state 1s becomes a resonance. For weak fields of amplitude ε << 0.1 a.u., ion-
ization is mainly due to the tunneling of the electron through the Coulomb
barrier and the survival probability P(t) of the ground state follows ap-
proximatively an exponential law. The order of magnitude of the width Γ
of the resonance is given approximatively by the quasi-classic theory24:

P t t( ) exp( ) , exp= − = −





Γ Γ 4 2
3ε ε . (31)

For strong field, ε > 0.1 a.u., the decay of the ground state does not follow
an exponential law. Surprisingly enough, the full dynamics is still un-
known for strong fields. Recently Scrinzi25 and Geltman26 have found non-
exponential decays which strongly disagree for time t > 10 a.u. (see Fig. 4
of ref.26). Both authors solved the time-dependent Schrödinger equation
using either the standard hermitian Hamiltonian26 or a non-hermitian
complex-scaled Hamiltonian25. In order to clarify this disagreement, we
have chosen to apply our approach which generalizes the Stark broadening
theory (see ref.26, p. 4770).

Effective Hamiltonian

Our aim is to provide an accurate description of the non-exponential decay
of the H atom, initially in the 1s state, at any time t and especially at t >> 10 a.u.
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(long-time dynamics). At short time, t << 10 a.u., the states mainly implied
in the dynamics are the ground state |1〉 = 1s and the doorway state |2〉 =
z × 1s = r cos θ × 1s of symmetry p (l = 1), which provides the main contri-
bution to the dipolar polarization of the atom (α = 4 a.u., the exact value is
α = 4.5 a.u.). In the basis of the two states |1〉 and |2〉 , the projector onto the
model space is P0 = |1〉 〈 1| + |2〉 〈 2| and the energy-dependent effective
Hamiltonian can be written in the form

Heff(z) =
−







 = 〈

−
〉

1 2
2 20/

( )
, ( ) | |

ε
ε R z

R z H
Q

z H
H . (32)

ε is the amplitude of the electric field, R(z) is an energy-shift operator (Eq. (4))
and Q0 = 1 – P0 is the projector onto the complementary space. The inver-
sion of Heff(z) provides the exact expression (in a.u.) of the Green function
corresponding to the initial state 1s:

G z
z E z

E z
z R z

( )
( )

, ( )
( )

=
−

= − +
−

1 1
2

ε2

. (33)

The diagonalization of the projected hermitian Hamiltonian Q0HQ0 was
performed in an extended basis of Slater orbitals. For each symmetry l (l =
0, 1, ..., 9), ninety Slater orbitals with n = l + 1, l + 2, ..., l + 90 and equal ex-
ponents ζ = 1.1 were used. The orthogonalization of this set of 900 Slater
orbitals and the suppression of the linearly dependent functions led to a ba-
sis of 325 orthonormal functions. Using elementary least-square fits, the
energy-shift term was approximated by

R z
c

z e
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i2

i 
. (34)

Equation (34) is approximate but accurate enough to provide short-term
and long-term dynamics. Introducing Eq. (34) into Eq. (33) allows to write
G(z) as the ratio of a polynomial of order four to a polynomial of order five:

G(z) = P(z)/Q(z) . (35)
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Dynamics

The Green function along the real energy axis can be written as

G E
f

E
fk

kk
k

k

( ) ,=
−

=
= =

∑ ∑ε1

5

1

5

1 . (36)

The complex energies εk (k = 1, 2, ..., 5) are the roots of the polynomial
Q(z) (Eq. (35)) and the fk’s are generalized oscillator strengths. The inverse
Laplace transformation provides the survival probability P(t) of the initial
state 1s:

P t f tk
k

k

( ) exp= −



=

∑ i
ε
h1

5
2

(37)

and the probability of ionization 1 – P(t). Equations (36) and (37) are analo-
gous to Eqs (12) and (13), which are valid for an energy-independent effec-
tive Hamiltonian; in Eqs (36) and (37) the summation is up to five instead
of n = 2 (the dimension of the model space). Here the dependence on the
energy is in R(z). Figure 9 shows the survival probability of the ground state
of H as a function of time. The agreement between Fig. 9a and the full line
curve in Fig. 1 of ref.25 is almost perfect. This is significant since the calcula-
tions were performed by two different approaches: diagonalization of a
complex scaled Hamiltonian in ref.25 and use of a two-dimensional energy-
dependent effective Hamiltonian here.

Our approach allows a detailed analysis of the dynamics. The electric
field ε = 0.08 a.u. is slightly above the critical value εc = 0.0625 a.u. corre-
sponding to the beginning of over-the-barrier ionization. As expected, the
long-time dynamics is governed by the dominant pole ε1 = –0.5175 –
i0.0023 of the Green function (36) whose oscillator strength f1 = 0.95 –
i0.03 is near the value 1 which would lead to an exponential decay. The
short-time dynamics (t < 20 a.u.) is mainly due to the next two poles of
G(E) of energies ε2 = –0.34 – i0.17 and ε3 = 0.05 – i0.11 whose oscillator
strengths are f2 = 0.04 + i0.02 and f3 = 0.01 + i0.01, respectively. The oscilla-
tor strengths of the other poles are very small and may be neglected. We
have investigated the dynamics of the depletion of the H atom in its
ground state. However, it would be more realistic to consider that at the
initial time the atom is polarized by the electric field. Its wave function de-
rived by perturbation at low field (ε < 0.1 a.u) is approximatively given by
| | |φ〉 = 〉 − 〉1 2 2ε . It is possible to derive the dynamics of the polarized atom
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from the effective Hamiltonian (32), but this is clearly outside the aim of
this study.

It remains to explain the discrepancy between our results, which are al-
most identical with those of ref.25, and the strongly oscillating dynamics
found in ref.26. Note that spurious oscillations (dashed curves) appear at
time t ≅ 40 a.u. in Fig. 1 of ref.25 when the Hamiltonian is not complex-
scaled. No such oscillations appear in our calculation (see the upper-right
part of Fig. 9a). This result is reasonable since the ionization of the atom at
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FIG. 9
Decay of the ground state of the hydrogen atom. Survival probability at time t of the ground
state of the atom subjected at t = 0 to a static electric field of amplitude ε = 0.08 a.u.: a Use of
the effective Hamiltonian (Eq. (32)). b Direct diagonalization of the hermitian Hamiltonian
(atom + electric field) using five different basis sets of Slater orbitals. Note the non-exponential
decay at short times t < 20 a.u. and some spurious oscillations in b at times t > 40 a.u. (see the
text)
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high field is expected to be a strongly irreversible process. We assume that
the oscillations in ref.26 are due to spurious reflections that result from the
use of a finite number of square-integrable functions. For checking this hy-
pothesis, we have diagonalized the unscaled hermitian Hamiltonian in sev-
eral bases of Slater orbitals. The results are represented in Fig. 9b for five
basis sets which differ by the number of Slater orbitals (from 600 to 1900)
used in the orthogonalization procedure. There is an excellent agreement
between the decay laws in plots a and b at t < 20 a.u., whereas nonphysical
oscillations appear at larger times in b. This result strengthens our hypothe-
sis that the oscillations found in ref.26 might be artifacts. Numerical experi-
ence is that for the dynamics involving several resonances and several time
scales, some smoothing or filtering or an averaging procedure is needed.
Analytical continuation which is explicit in our approach and implicit in
the method of complex scaling do that efficiently.

CONCLUSIONS

In the last fifty years quantum chemistry has developed powerful methods
for investigating molecules27. Nowadays it is possible to determine accu-
rately many molecular properties, such as bond energies, molecular geome-
tries and spectroscopical constants. The progress has been less systematic
for the determination of observables which arise from solutions of the
time-dependent Schrödinger equation (e.g. line profiles). In all cases the
aim of the theory is not only to develop computational codes but also to
derive new concepts to describe and understand the chemical and physical
phenomena. From that point of view effective Hamiltonians play an impor-
tant role in many domains of chemistry and spectroscopy. Here we have
shown that a simple, exactly solvable model can provide generic results
concerning line profiles. The concept of effective Hamiltonians is also use-
ful for actual systems. In this paper an effective Hamiltonian was used for
investigating the departure from an exponential decay of the ground state
of a hydrogen atom subjected to a strong static electric field. It is worth re-
marking that a complete treatment of the dynamics applicable at short and
long times is still missing.

Finally, the simultaneous study of line profiles and of the dynamics is a
nice illustration of the dual role played by the Hamiltonian in quantum
mechanics as was frequently underlined by Prigogine28.

This work was supported by the Grant Agency of the Czech Republic (grants No. 203/00/1025 and
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